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Abstract

Systemssuch as coordinating robot systems,automo-
biles, aircrafts, and chemicalprocesscontrol systemscan
bemodeledasinteractinghybridsystems,wherehybridsys-
temsare finite statemachineswith continuousdynamics.
Thelanguage CHARON andits simulatorhavebeendevel-
opedto modeland analyzeinteracting hybrid systemsas
communicatingagents.

Simulationsare widely usedfor the analysesof hybrid
systems.Thesimulationof a complex systemis, however,
usuallyveryslow. Thispaperproposesfour algorithmsfor
distributedsimulationsof hybrid systems.Theideabehind
distributedsimulationsis to achievea speedupby utilizing
multiplecomputingresources.Theagentsof a modeledsys-
temaredistributedovermultipleprocessors to simulatethe
agentsmore efficiently. Sincethe stateof the agent is af-
fectedby the input from other agents,they synchronizeto
updatetheir local states.Thechallenge here is how to re-
ducetheagentsynchronizationoverhead.

We presenttwo approachesfor resolvingthe problem:
conservativeandoptimisticapproaches.For theoptimistic
approach, we presentthree different algorithms for dis-
tributedsimulationsof hybrid systems,andcompare them.

1 Intr oduction

Coordinatingrobot control systems,electro-mechanical
systems,or chemicalprocesscontrol systemshave a com-
monfeaturethatthey controlcontinuousdynamicswith dis-
cretemodechanges.The hybrid systemcommunitycom-
posedof researchersfrom control engineersandcomputer
scientistshasevolvedto supportmodeling,simulation,ver-
ification, andcodegenerationfor suchdynamicalsystems.
Traditionalengineeringtools,provide little supportfor de-
velopingcomplex hybridsystemswith modeschangingdy-
namicsin responseto conditionsor discreteevents.

Therehavebeenstudiesconcerningthelanguagesupport
for modelinghybrid systemsto helppeoplebuild complex
hybridsystemsfor years.With anintroductionof anobject-
orienteddesign paradigm,researchersdevelopedobject-
orientedmodelinglanguagesfor hybrid systems.Among
thoseareOmola[15], Dymola [8], SHIFT [7], andModel-
ica [9]. Thoselanguages,however, do not provide formal
semanticsnecessaryfor reasoningaboutthe modelof hy-
brid systems.

Comparedto thepreviouslanguagesfor themodelingof
hybridsystems,themotivationof developingCHARON was
to provide a formal way of verifying hybrid systemsand
to generatetheexecutablecodefrom modelsdescribedin a
languagefor modelingboththearchitectureandthebehav-
ior of hybrid systemsmodularly. Additionally, CHARON
supportsexceptionhandlingsthroughgrouptransitionsand
defaultcontrolpointsandprovidesinterfacesbetweenmod-
elsandexternalpackagesdescribedin Java[3, 4]. CHARON
hasbeenusedto modelandstudya multi-robot coordina-
tion [2], theSimplex Architecture-basedinvertedpendulum
controller[11], andautomotivevehiclesystems[1].

Simulationshavebeenwidely-usedfor analyzinghybrid
systems.Simulationsof complex hybrid systemsare,how-
ever, usually very slow. This paperdescribesfour algo-
rithmsthatwehavedevelopedfor thedistributedsimulation
of hybrid systems. We simulatehybrid systemsin a dis-
tributedfashionto achieve a speedupby utilizing multiple
computingresources.Theagentsof themodeledsystemare
distributedover multiple processorsto simulatethe model
moreefficiently.

Basedon how agentssynchronize,distributed simula-
tions of multi-agenthybrid systemscan be classifiedas�������
	
�
��
�������	 and ������������������� simulations. If the local
clock of an agentalwaysadvancesanddoesnot go back-
ward,it is calleda �������
	�����
�������	�����������
�������� ; otherwise,it
is calledan ����������� �!�����"�!�����#�$
�������� . A conservativesimu-
lation is designedsothatthelocal clock �$� of anagentonly
advancesor stops,andthus,thereareno rollbacks[6]. In
optimistic simulations,the goal is to exploit the potential
parallelismasmuchaspossiblelettingtheagentsrunatdif-
ferent speeds. If an event that occurredat time �&% gets
recognizedby theagentat � ' , where � ')(*�&% , thesimulator
providesa rollbackoperationor performsa reversecompu-
tation[13, 5].

Distributed simulationshave beenusedfor simulating
only discreteevent systemsso far, but to the bestof our
knowledge, there is no publishedalgorithm for the dis-
tributedsimulationof hybridsystems.Our methodsto sim-
ulatehybrid systemsin a distributedfashionexploit thein-
herentmodularity of systemsdescribedin CHARON. By
modularity, we meantwo things.Oneis a behavioral mod-
ularity capturedby modesand the other is an architec-
tural modularityby agents.A way of usinga mode-level
modularityin single-agenthybridsystemswaspresentedin
[3]. In this paperwe focus on distributing atomicagents
to utilize an agent-level modularity. The challengeis how
to reducethe synchronizationoverheadamongdistributed
agents.



In the following sections,we introduce a language,
called CHARON, for modelinginteractive multi-agenthy-
brid systemsandits toolsetin Section2. We describehow
to simulatehybrid systemsin Section3, proposefour dis-
tributed simulation algorithmsof hybrid systemsin Sec-
tion 4, anddiscusstheproposedalgorithmsandfuturework
in Section5.

2 Modeling Hybrid Systemsin CHARON

CHARON [3] is a languagefor modelinginteractinghy-
brid systemsbasedon the notions of agentsand modes.
The distinguishedfeatureof CHARON is that it supports
botharchitecturalandbehavioral descriptionsof hybridsys-
temsand providesconcurrency andhierarchyin a modu-
lar way. It also has the scopingrule of variablesparti-
tionedinto thesetof analogvariablesanddiscretevariables.
Agentsdescribethe architectureof systemswhile modes
do the behavior of systems. CHARON modescomprise
submodes,transitionrelationsbetweensubmodes,control
points,differentialandalgebraicconstraints,invariants,and
variables[3]. The languageprovides compositionalfor-
mal semanticsrequiredto reasonaboutsystemsin a mod-
ular way [4]. We now briefly describethemainfeaturesof
CHARON.
Ar chitectural hierarchy. The architectureof systemsis
describedwith communicatingagents. Thoseagentsshare
information through sharedvariablesor communication
channels.Agentsareeitheratomicor composite. CHARON
also provides the operationsof parallel compositionfor
building a compositeagent,hiding for encapsulatinginfor-
mationof an agent. CHARON agentsarereusableobjects.

Behavioral hierarchy. An agentwithout any submodes
inside is calledatomicagent, which hasa referenceto an
appropriatemodedescribingthe behavior of the agent. In
otherwords,themodeis aconstructfor thehierarchicalde-
scriptionof thebehavior. Transitionsbetweensubmodesare
enabledwhenaconditioncalledguard becomestrue.Also,
the modehaswell-definedcontrol points: entry and exit
points. We provide differential and algebraicconstraints
representingcontinuousdynamicsandinvariantsforcing a
continuousflow to satisfya condition. The languagealso
supportsthe instantiationof a modefor the reuseof mode
definitions.
Continuous variables and discretevariables. Thevari-
ablesof CHARON areclassifiedasanalog anddiscretevari-
ables. Analog variablesare updatedcontinuouslywhile
time is flowing. Conversely, discretevariablesaremod-
ified only whenthemodesof anagentchange.Thevalues
of discretevariablesdo notchangein a time flow.

2.1 Example: TwoAgent

We presenta simple two-agent example, TwoAgent,
composedof the agent a1 and the agent a2. The dy-
namicsof a1 is independentof that of a2 but guardsof
agentsrequire sharedinformation to decide whether an
agentchangesmodesor not.

macro TooLow 0.0

extern real Math.abs(real);

agent TwoAgent () +
private analog real v1, v2;

agent a1 = A(10.0, 0.0)

[vIn, vOut := v2, v1];

agent a2 = A(9.0, -1.0)

[vIn, vOut := v1, v2];,
agent A(real initValue, real c) +

read analog real vIn;

write analog real vOut;

mode top=ATop(initValue, c);,
Figure 1. Agent TwoAg ent

Figure1 definesacompositeagentTwoAgentandanatomic
agentA. The two atomicagentsa1 anda2 of the compos-
ite agentTwoAgentaretheinstancesof theagentdefinition
A. TheagentA hasa referenceto its top-modetop thatde-
scribesthe behavior of A. The behavior of the agentA is
representedin two submodes:mode0and mode1. Both
submodesareinstancesof themodechoppybut parameters
aredifferent. We useextern to specifyinterfacesbetween
the CHARON codeandexternalpackages. Subagentsof
a compositeagentcommunicatethroughsharedvariables
whosenamearerenamed.[vIn, vOut := v2, v1]
and[vIn, vOut := v1, v2] aretheexamplesof re-
naming. vIn of the agenta1 andvOut of the agenta2 are
renamedto thenew namev2. Thus,if a2updatesvOutthen
it actuallyupdatesthesharedvariablev2 andso,vIn of a1
is alsoupdated.

Figure2 is theCHARON codedescribingthebehavior of A.
Our CHARON toolsetprovidesaneditorwith GUI (Graphi-
calUserInterface)for thevisualspecificationof agentsand
modes.Figure3 shows how thebehavior of A is specified
visually.

The modedefinition ATop comprisesvariablesvIn and
vOut, submodesmode0andmode1, andtransitions.Transi-
tionsarerepresentedwith transconstruct.In this example,
we have threetransitions: initTrans,Mode0ToMode1, and
Mode1ToMode0. Action statementsprovided by do are
for specifyingactionstaken whentransitionsoccur. Basi-
cally, actionsupdatediscretevariablesor assignnew values
to continuousvariables.

Entry/exit points are for specifying interfacesbetween
thesourcelocationsandthedestinationlocationsof transi-
tions. ThevariablevOut is declaredaswrite, which means
global and writable in the modewhile read meansread-
only. For localizingthescopeof thevariables,we usepri-
vate. The invariantinvChoppyexpressesthat if vOut is out
of thespecifiedrange,thebehavior of choppyis no longer
valid. WespecifytherateatwhichvOutis updatedwith the
differentialequationdvOut.

Figure 4 is the result of simulating the example. Each
agentgeneratesa signal like a choppy wave, where the



mode ATop(real iVal, real c) +
read analog real vIn;

write analog real vOut;

mode mode0 = choppy(2.0, -50.0, c);

mode mode1 = choppy(2.0, 1.0, c);

trans initTrans

from default to mode0

when true do + vOut = iVal
,

trans Mode0ToMode1

from mode0 to mode1

when vOut < 8.0

and Math.abs(vOut-vIn) > 1.1 do + ,
trans Mode1ToMode0

from mode1 to mode0

when vOut > 12.0

and Math.abs(vOut-vIn) > 1.0 do + ,,
mode choppy(real a, real b, real c) +

write analog real vOut;

inv invChoppy + vOut >= TooLow
,

diff dvOut + d(vOut) == a*vOut + b + c
,,

Figure 2. Modes of TwoAg ent

vOut<8.0 and
|vOut-vIn|>1.1

vOut>12.0 and
|vOut-vIn|>1.0

write analog real vOut write analog real vOut

inv invChoppy inv invChoppy
{vOut > 0.0} {vOut > 0.0}

diff dvOut diff dvOut
{d(vOut) == 2.0*vOut + 1.0 + c}

mode0

ATop

{d(vOut) == 2.0*vOut -50.0 + c}

mode1

Figure 3. The Behavioral Hierarchy of the
Agent A

wave of a1 follows that of a2. In a1, the guardsenabling
thetransitions- �/.�	
0213� - �/.�	54 and - �/.�	�4!13� - �/.�	�0 are
( �#4*687:9 0;
��<.>= �#4@?A�CB�=D(E429F4 ) and ( �#4*(E4
B:9 0�
��<.= �#4:?G��BH=�(A459 0 ), respectively. Figure4 showsthatthemode
transitions- �/.�	�0I13� - �/.�	�4 of a1occurattime0.09,0.50,
0.87,1.21,andsoon.

2.2 CHARON toolset

Figure5 describesthe classhierarchyof the TwoAgent
example. We depict the classesandobjectsof the exam-
ple [12] with a modified OMT (Object Modeling Tech-
nique)notationusedby Gammaandhis colleagues.The
symbolsof classesand objectsare rectangularboxesand
roundedboxes, respectively. The subclassrelationshipis
representedwith a line anda triangle. Dashedlines with
filled arrowheadsare for specifyinginstantiations. Fig-
ure6 illustrateshow CHARON SimulatorGenerator(CSG)
generatesthesimulationcode.Wehavetwo kindsof gener-

TwoAgent
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Figure 4. Simulation Result
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top choppy

Mode

mode0
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ATopAgent

ATwoAgent a1

(9.0, -1.0)

(10.0, 0.0)

Figure 5. Classes and Objects of the TwoA-
gent Simulator

atorsto producea simulatorfor theexample.Oneis agent-
ModeGenthatgeneratesagentsandmodesandtheotheris
gSimGen. gSimGengeneratesmodel-specificinformation
thesimulatorcorerequiresfor simulatingagivenCHARON
model. In otherwords,simulatorcomprisessimulatorcore
andtheroutinesgeneratedby gSimGen. Agentsandmodes
generatedby agentModeGenareJava files translatedfrom
the modeldescribedin CHARON. In essencewe simulate
theobjectsgeneratedfrom agivenCHARON model.

3 Simulation of CHARON Program

3.1 Global Simulation

In this section, we describehow the simulator simu-
lates hybrid systemsmodeledin CHARON. The simula-
tion of CHARON programconsistsof theinitialization step,
followed by a sequenceof discreteupdatestepsandcon-
tinuousflow steps. After initializing agents,the simula-
tor executeseither a discreteupdatestepor a continuous
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Figure 6. CHARON Simulator Generation Process

flow step. In other words, the simulation of CHARON
program is initialization step (discrete updatestep or
continuousflow step) J .

Initialization. Thesimulatorinitializesagentsby provid-
ing initial valuesfor variablesandconfiguringactivemodes.
With initialization done,the active modesof an agentare
themodesincludedin thepathfrom thetop modeto a leaf
mode. For example,in TwoAgent, top andmode0are the
activemodesandtheinitial valuesof vOutof a1anda2are
10.0and9.0,respectively afterinitializing theagents.

Discreteupdate. A discreteupdatestepis a sequenceof
executingenabledtransitions.Thelogical timeof thesimu-
lator stopsduringtransitions.Thesimulatorpicksanagent
with enabledtransitions.We saya transitionis enabledif
it is in anactive modeandits associatedguardis satisfied.
After a transition is executed,the configurationof active
modesis also updated. The stepfinishesif thereis no
moreenabledtransitionsatthecurrenttime. In theexample,
the transitionMode0ToMode1will be enabledwhenvOut
getslessthan8.0 andthedifferencebetweenvOutandvIn
greaterthan1.1.

Continuous flow. A continuousflow step representsa
time flow for a givenamountof durationnot violating con-
straints.Theconstraintsof amodeconsistof invariants,dif-
ferentialandalgebraicconstraints.In thisstep,all theactive
modesof agentsareexecutedtogether. The constraintsof
active modesare, the conjunctionof constraintsin the set
of active modes.Thediscreteupdatestepmaypreemptthe
continuousflow step,if a transitionis enabled.For exam-
ple, if active modesare top andmode0, the variablevOut
will get updatedat the rate of 
 J ��KL�#�"MONPMQ� as long
as the invariant invChoppyis not violated. The transition
Mode0ToMode1, however, maybeexecutedwhentheguard
of transMode0ToMode1becomestrue.

3.2 Efficient Simulation

Themostsimulationoverheadresultsfrom numericalin-
tegrations.For moreefficient numericalintegrations,vari-
ousnumericalintegratorsarecombinedwith adaptive inte-
grationsteps,e.g.,Runge-Kutta methodwith adaptive in-
tegration steps[17]. Another approachis simulating the
systemon a distributedplatform. Our methodsproposed
hereexploit the inherentmodularityof systemsdescribed
in CHARON aswell assimulatethesystemsin a distributed
fashion.By modularity, we meantwo things: a behavioral
modularity and an architecturalmodularity. In fact, each
agentof CHARON hasdifferentdynamicsandthusdoesnot
have to run at thesamespeed.Likewise,eachmodein the
differentlevel of hierarchyof thesameagentmayhavedif-
ferentdynamics.Thebasicideais thatwesimulateanagent
or a modeof slow dynamicsusinga largerintegrationstep.
Therefore,we canreducethe computationoverheadfrom
integrations. A way to exploit a mode-level modularity in
a single-agentwaspresentedin [3]. In thenext sectionwe
focuson distributing atomicagentsto utilize anagent-level
modularity.

4 Distrib uted Simulation

We distribute agentsof the modeledsystemover a dis-
tributedsystemto simulatethe modelmoreefficiently. As
agentsshareinformation, they needto synchronizeto up-
datestates.Accordingto the way of synchronization,dis-
tributedsimulationscanbe classifiedastwo categories. If
thelocalclockof anagentalwaysadvancesanddoesnotgo
backward, it is calledconservativesimulation. Otherwise,
it is calledoptimisticsimulation.

4.1 ConservativeSimulation

In this approach,we decomposethe functionality of a
globalsimulationinto sub-functionalblocksandthesimu-



lator allows agentsto executethenext block only whenall
theagentscompletethecurrentblock.

Figure7 andFigure8 describethealgorithmConserva-
tive Simulation(CS).We decomposea simulationprocess
into sevenfunctionalunits: block0, ..., block6. Theendof
eachblockworksasabarrieranagentcannotproceeduntil
all theotheragentsfinish thecurrentblock. Agentsbroad-
castcompletionmessagesto the othersat the endof each
block.

In block0,we initialize theagent.Theanalog variables
areupdatedin block1followedby block2,wheretheshared
analog variablesaresynchronized.In block3, guardsand
invariantsare checked. Block4 is for executingenabled
transitions.Thevariablesupdatedin thetransitionsaresyn-
chronizedin block5.Block6 is executedonly whenthereis
no enabledtransitioneven thoughan invariantis violated.
In suchacase,theagentbroadcastsstopsignalto theothers
andthesimulatorreportsthelatestsynchronizedstate.

Although CS is for the distributedsimulationof hybrid
systems,the overheadresultingfrom communicationsoff-
seta potentialperformancegain from distributing compu-
tations.Thus,this techniqueis effective only in simulating
hybridsystemswith extensivecomputations.In Section4.2
we proposethreeoptimisticsimulationalgorithmsto solve
theproblem.

begin block0

state = initialize();

end

while(true) +
begin block1

//update analog variables

//for a given time interval ti

//and return the new state

//and the new lc.

(state, lc)

:= continuousFlow(state, lc, ti);

end

begin block2

// exchange shared analog variables.

state

:= synchronizeSharedVars(sharedVars);

end

begin block3

if evaluateGuards(state, guards)==true

then event := transitionEnabled

elseif checkInvariants(state,

invariants)==true

then event := invariantViolated

end

Figure 7. Conser vative Simulation (CS):
bloc k0 ... bloc k3

begin block4

if event == transitionEnabled then

state

:= discreteUpdate(state, lc);

end

begin block5

//exchange shared variables updated

//by discreteUpdate.

state

:= synchronizeSharedVars(sharedVars)

end

begin block6

if event == invariantViolated

then broadcastStopSignal; stop

end,

Figure 8. Conser vative Simulation (CS):
bloc k4 ... bloc k6

4.2 Optimistic Simulation

Our optimistic simulationalgorithmsare phase-driven.
Each phaseis a sequenceof consecutive stagesthat are
setupstage,computationstage,andsynchronizationstage.
After initializing the state,setupstage,computationstage,
and synchronizationstageare executedin the order as
shown in Figure9. The motivation of usingthe notion of
phaseis thatwe confineoptimismwithin eachphase.

In each of the Phase-driven Optimistic Simulation
(POS), the operationsperformed during the stagesare
different. We describethe details of eachstageof the
threedifferent POSapproaches:Phase-driven Optimistic
Simulation with a Reflection-basedPrediction (POSRP),
Phase-drivenOptimisticSimulationwith anAdaptivePhase
Length(POSAPL),andPhase-drivenOptimisticSimulation
with anEstimator-basedPrediction(POSEP).

The salient aspectsof our algorithmsare first, to re-
ducethe communicationoverhead,we let agentssynchro-
nize just beforethe new valueof a sharedvariableis nec-
essary, insteadof communicatingevery updateround.Sec-
ond, to reducethecomputationoverheaddueto numerical
integrations,we simulatean agentwith its approximated
polynomial dynamicsand resolve the possiblemissesof
eventswith rollbackoperations.This allows eachagentto
run computationswithout integratingsharedvariablescon-
trolled by otheragents.Our approachis ���H�����R� ������� in the
sensethateachagentgoesforwardeventhoughthereis no
guaranteethattheir clocksdo not have to go backward.

Optimistic distributed simulationshave beenusedfor
discreteevent systemssince the 1S����	UTO
���� distributed
simulationalgorithmwasproposed[13]. Othermethodsin
thecategoryarethebounded-lagoptimisticsimulation[14],
anda risk-freesimulation[18]. Thosemethodsare,how-
ever, only for simulatingdiscreteevent systems.To illus-
trateouralgorithms,weusethetwo-agentsystemdescribed
in Section2.



initialization;
while(!stop) V

executeSetupStage;
executeComputationStage;
executeSynchronizationStage;W

Figure 9. Phase-driven Optimistic Simulation
(POS)

4.3 Phase-driven Optimistic Simulation with a
Reflection-basedPrediction (POSRP)

In all threephase-driven algorithms,our goal is to re-
duce the communicationoverheadand unnecessaryroll-
backs without missing any event. In simulating the
CHARON agents,the event meansmodetransitionsor in-
variantviolations.Thecommontechniquebehindall of our
phase-driven approachesis that eachagentusesapproxi-
mateddynamicsof otheragentsuntil they getsynchronized.
Suchan approximationmay be a constantor a high-order
polynomial. Note that if agentsuse actual dynamicsof
sharedreadanalog variableswhicharetheinput from other
agents,insteadof using an approximateddynamics,each
agentwill integrateall suchsharedanalog variablescon-
trolledby otheragents.

Figures 10, 11, 12, and 13 illustrate Phase-driven
Optimistic Simulationwith a Reflection-basedPrediction
(POSRP).In POSRP, we simulatethe agentswith approx-
imateddynamicsof sharedinput variablesuntil an agent
reachestheendof thephasetf or a warningconditionof an
agentis satisfied.A warningconditionis thedisjunctionof
a guardanda reflection-basedflag. The rationalebehind
a warning condition is that if a guard is satisfied,it will
causethe abruptchangesof dynamicsof the agent. Also,
weobservethattheapproximateddynamicsof thevariables
��5���CXY�#4
Z and 

�2�H��X���B5Z aresharedinformationbetweenthe
agents,wherethe eventsareassociatedwith the variables
andthuswe do not wantto usetheincorrectvalueof those
inputvariables.

By examiningself-extractedinformationon the present
dynamicsor reflection, we canflag thatagentsshouldsyn-
chronize. That is, the agenta1 stopsnot only when the
guardbecomestruebutalsowhen = 

�5���CXY�#4
Z�?��H4�=�(P[\� . �
is athresholdupdatedadaptively, basedonthehistoryof the
modechanges.We update� adaptively, asa smallvalueof� causesunnecessarysynchronizationswhile a largevalue
doesmorerollbacks.So,we adjust� of theagent
 , 
#9 � to
be ��] (1 + thenumberof modechangesin a previousphase
of theagent
 ). Thus,agentswill getsynchronizedlessfre-
quently, if modechangesoccurlessin a currentphase. In
casethereis nomodechangein thecurrentphase,thevalue
of � remainsthe samein the next phase. � is a parameter
givenby users.

Figures10 and11 depictthesetupstageandthecompu-
tationstage.Figures12 and13 show theeventnotification
sub-stageandtherollbacksub-stageof thesynchronization
stage.Notethatwecall thestarttimeof eachphase�&� . The
final time is called �&^ . Also, thephaselength �H� is defined
as �&^ - �&� .

_ SetupStage(Figure10): We update� in eachagent
at time �&� . A new � is ��] (1 + the numberof mode
changesin apreviousphase).Initially, � is thesameas� . Then,informationto computetheapproximatedval-
uesof sharedvariablestheotheragentsneedarebroad-
cast. We usefirst-orderpolynomialsas the approx-
imation of dynamicsin the currentapproach. Thus,
#9 

�5���CXY�CZ is definedas � J X$
H9 ���P?`�&��ZaMb�/c�d , where�&� is the start time of the currentphaseand � is the
coefficientof thehighestordertermof dynamicsof � .
Eachagenttransmits� to theotheragents.Thephase
length �H� is fixed in the setupstageof �#eH
C�
	�f . We
assumethattheinitial stateis known apriori._ ComputationStage(Figure 11): Every agentcom-
putes dynamicsuntil its local clock reaches�&^ or
the g 
����h����ij�����<.5��������� is evaluatedto be true. In
agent 
#4 , the warningconditionis ( 
#459 �#4R6k7:9 0D
��<.= 
H459 �#4l?m
#459 

�2�H�CXY�CB2Z!=n(o429F4 ) p Xq= 
#459 

�2�H�CXY�#4
ZD?
#429 �H4�=�(P[r
#429 �#Z . 
#429 

�2���CX��H4�Z is �j4 J X�
#459 �$�s?��&��Z#M�#4!c�d and 
H459 

�5���CXY�CB2Z is �tB J X�
#429 ����?L�&��Z�Mu�CB/c�d , where�#4 c�d and ��B c�d arethe valuesof �#4 and ��B at the start
timeof thecurrentphase�&� and �j4 and �tB aretheco-
efficientsof thehighestordertermof dynamicsof �H4
and �CB , whichare2.0in bothagentsin theexample._ SynchronizationStage(Figures12and13)

– Eventnotificationsub-stage:Suppose
CB reaches�&^ and the warningconditionof 
#4 is satisfied.
Then, 
#4 notifies an event to 
CB with its local
clock ��i . After 
CB being informedof an event,
it sendsthe stateof 
�B at time ��i to 
#4 that 
#4
can evaluatethe guardwith the actualvalueof��B .

– Rollbacksub-stage:If 
#4 confirmstheeventthen
�B mustrollback. After 
CB rollbacksto time ��i ,
both agentsdiscardthe history of the statebe-
tween �&� and ��i . At theendof the rollbacksub-
stage, �&� is modified to ��i and the next phase
starts.In a casethattheeventwasnot confirmed
by 
H4 with the actualvalueof �CB , 
#4 continues
its computation.

a1.p = c/(1 + the number of mode changes

tg

a1

a2

pl

tfts

pl and c  are given by the environment.

a2.p = c/(1 + the number of mode changes 
in a previous phase of agent a1)

in a previous phase of agent a2)

time

Figure 10. POSRP Setup stage
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=2.0*v2

=2.0*v1-50.0

a1 is in mode0 and a2 is in mode1.

time

Figure 11. POSRP Computation stage

tg

a1

a2

pl

ts tf

 current time
a2 to a1: send the past state
of a2 at time tg.

tg
a1 to a2: notify an event and

|a1.appr(v1) - a1.v1| >= a1.p
(a1.v1 < 8.0 and |a1.v1-a1.appr(v2)| >1.1)  or

time

Figure 12. POSRP Sync hronization stage
(event notification)

4.4 Phase-driven Optimistic Simulation with an
AdaptivePhaseLength (POSAPL)

In POSRP, thephaselength�H� is givenby thesimulation
environmentandfixed in all the simulationphases.How-
ever, a largevalueof �H� causesunnecessaryrollbackswhile
a smallvalueof �H� will resultin frequentsynchronizations.
In POSAPL,weadjust�#� in eachphaseto enhancetheper-
formance. Theonly differencebetweenPOSRPandPOS-
APL is at a setupstage.If thereis no rollbackin �#eH
��
	�v�whx
then �#� will be doubledin ��e�
C�
	 v , otherwiseit will be re-
ducedto half thelength.

4.5 Phase-driven Optimistic Simulation with an
Event Predictor (POSEP)

If we know exactly whenthe next event will occur, we
candeterminethesynchronizationpoint easily. Therehave

tg

a1

a2

pl

ts tf

if a1 confirms the event
then a2 rollbacks 

and discards history from ts to tg.

and finishes the current phase.
else a1 continues its computation.

Also, updates ts with tg

time

Figure 13. POSRP Sync hronization stage
(rollbac k)

beenstudieson detectingevents in differential-algebraic
models[16] andhybridsystems[10].

The third methodof our optimistic approachesis based
on the estimatorthatpredictswhenthe next eventwill oc-
cur. In POSEP, y �!�����;
�� ��� is a specialprocesswhich col-
lectstheagentstatesandtheconstraintsof theactivemodes
from all agents. y �������;
5� ��� solvesthe constraintsto pre-
dict �&^ andbroadcastsit with the approximateddynamics
of sharedvariablesat the setupstage.Figures14, 15, 16,
and17 illustratean optimistic distributedsimulationalgo-
rithm POSEP.

tf and polynomial approximation of
Estimator to agents: 

shared input variables

Agents to estimator: state and constraints

z z zz z zz z zz z z{ { {{ { {{ { {{ { {

a2

a1

Estimator

ts tf

time

Figure 14. POSEP Setup stage

_ Setupstage(Figure 14): Agents sendtheir current
statesandconstraintsto y �!�����;
�� ��� at �&� . y �!�����;
�� ���
solvestheconstraintsandpredictswhenthenext event
will occur. Such information is sent to the agents
with the polynomial approximationof sharedvari-
ables. Thus, we do not need �H� to decidethe final
time �&^ of the currentphase. y �!�����;
�� ��� computes
andbroadcasts�&^ to theagents
#4 and 
CB .



v2

v1

| | || | || | |} }} }} }

a1

a2

ts

Estimator

tg tf

=2.0*v1-50.0

=2.0*v2

a1 is in mode0 and a2 is in mode1.

time

Figure 15. POSEP Computation stage

~ ~ ~~ ~ ~~ ~ ~� � �� � �� � �

a1

a2

ts tftg

Estimator

a2 to a1: the past state of a2 at time tg 
a1 to a2: notify an event and tg

a1.v1 < 8.0 and |a1.v1-a1.appr(v2)| > 1.1

time

Figure 16. POSEP Sync hronization stage
(event notification)

_ Computationstage(Figure 15): As y �!�����;
�� ��� pro-
videsinformationon theeventoccurrences,agentsdo
not have to utilize �/	/^���	���������� to predict the possi-
ble next event occurrences.So, a warning condition
is relatedto only guards. In the example,the warn-
ing condition of 
#4 is 
#429 �#4k6�7:9 0�
��<.r= 
H459 �#4l?
#429 
��5���CXY�CB2Z�=�(A459�4 .

_ Synchronizationstage(Figures16 and17):

– Eventnotificationsub-stage:Suppose
CB reaches�&^ and the warningconditionof 
#4 is satisfied.
Then, 
H4 notifiesaneventto 
CB with theits local
clock ��i .

– Rollbacksub-stage:If 
H4 confirmstheeventthen
CB mustrollback. After 
�B rollbacksto time ��i ,
the both agentsdiscardthe history of the state
between�&� and ��i and y ��������
�� ��� processad-
vancesup to ��i . The currentphaseendsand �&�
is updatedto ��i . As is the casein POSRP, 
#4
will continueits computationif the event is not
confirmedby 
#4 .

� �� �� �� �� �� �
a1

a2

ts tg tf

Estimator

if a1 confirms an event

else a1 continues computation

rollback

then a2 rollbacks and Estimator moves to tg

time

Figure 17. POSEP Sync hronization stage
(rollbac k)

4.6 Comparison

Table1 comparesdifferentdistributedsimulationsof hy-
brid systems.A potentialspeedupfrom thedistributedsim-
ulation of hybrid systemsdependson the following three
factorsmainly: communicationoverhead,rollback over-
head,andcomputationtime for numericalintegrationsand
solvingconstraints.

The communicationoverheadis extremely large in the
algorithm CS (Conservative Simulation), as agentscom-
municateevery single updateround. In phase-driven op-
timistic simulations,the communicationoverheadis rela-
tively small.Contrastto all theoptimisticapproaches,there
is norollbackoverheadin theconservativeapproach.As we
usetheconstraintsolver to predicta possiblesynchroniza-
tion point betterin POSEP, the rollback overheadwill be
smallerin POSEPthan in POSRPor POSAPL.Although
therewill be the smaller rollback overheadin POSEP, it
takesnormallya largeamountof computationtime in solv-
ing constraints.Thus,it will dependon the characteristics
of givenmodelswhetherwebenefitfrom POSEPmorethan
POSAPL.

5 Conclusionand Future Work

Wehaveillustratedhow to modelinteractivemulti-agent
hybrid systemsusing a modeling languageCHARON and
proposedfour distributedsimulationalgorithms: onecon-
servative simulation algorithm and three optimistic algo-
rithms.Thethreeoptimisticalgorithmsarephase-driven.In
general,the optimisticapproacheshave the morepotential
for a speedupthantheconservative approach,sinceagents
will notbeblockedwhile waitingfor theotheragentsto fin-
ish their phases.Our approachesrestrictoptimismwithin
eachphaseto reducethehigh rollbackoverheadcausedby
a largegapamongthelocal clocksof differentagents.

We are implementingthe proposedsimulation meth-
ods over a network of workstationsand also on shared-
memorymultiprocessormachines.Sinceperformancede-
pendslargely on how muchagentsneedto communicate,
we are currently developing clusteringand load balanc-



name communicationoverhead rollbackoverhead potentialspeedup
Conservative very large N/A low

POSRP relatively small large low
POSAPL relatively small medium high
POSEP relatively small small high

Table 1. Comparison of diff erent distrib uted sim ulations of hybrid systems

ing techniquesfor the proposeddistributedsimulational-
gorithms.
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